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The problem of existence of a stable vacuum field in a pure quantum chromodynamics (QCD)
is revised. Our approach is based on using classical stationary non-linear wave type solutions
with intrinsic mass scale parameter. Such solutions can be treated as quantum mechanical wave
functions describing massive spinless states in quantum theory. We verify whether non-linear wave
type solutions can form a stable vacuum field background within the framework of effective action
formalism. We demonstrate that there is a special class of stationary generalized Wu-Yang monopole
solutions which are stable against quantum gluon fluctuations.
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I. INTRODUCTION
The origin of the quark/color confinement and mass
gap in quantum chromodynamics represents the most
principal problem in foundations of the theory of strong
interactions [1]. One of the most attractive mechanisms
of the quark confinement is based on the dual Meissner
effect in color superconductor by means of monopole con-
densation [2–5]. If such a stable monopole condensate is
generated, it will immediately imply the confinement [6–
8] which has been confirmed in lattice simulations [9–13].
Theoretical foundation of the confinement mechanism
with the dual Meissner effect encounters several obsta-
cles. Among them, the realization of physical monopole
solutions in the standard QCD and quantum stability of
monopole condensation represent a long-standing prob-
lem since late 1970s when the Savvidy-Nielsen-Olesen
vacuum instability was found [14, 15]. So far, neither
a regular monopole solution nor a strict construction
of a stable color magnetic condensate has been known
in the framework of the basic standard theory of QCD.
This causes serious doubts that the known Copenhagen
“spaghetti” vacuum and other models of QCD vacuum
can provide rigorous microscopic description of the vac-
uum structure [16–21].
In the present paper we elaborate an idea that classical
stationary non-linear wave type solutions can be treated
in a quantum mechanical sense and describe physical
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states in quantum theory. The idea that stationary non-
solitonic wave solutions correspond to particles or quasi-
particles was sounded long time ago [22–24]. Our goal is
to find a proper regular stationary solution which will be
stable against quantum gluon fluctuations within the for-
malism of the effective action in one-loop aproximation.
Such a stable field configuration can serve as a structure
element in further construction of a true QCD vacuum.
There is a wide class of known stationary non-linear wave
solutions [25–30] which possess non-trivial features: the
presence of mass scale parameters, non-vanishing longi-
tudinal components of color fields along the propagation
direction, color magnetic charge and vanishing classical
spin density operator. This gives a hint that some of
such classical solutions describe quantum states corre-
sponding to massive spinless quasi-particles which might
lead to formation of a stable vacuum condensate. Sur-
prisingly, we show that there is a special class of sta-
tionary spherically symmetric monopole solutions which
possesses quantum stability.
The paper is organized as follows; in Section II we
overview the main critical points in the vacuum stability
problem and outline possible ways towards construction
of a stable vacuum field configuration. Quantum stability
of non-linear plane wave solutions is considered in Section
III. A careful analysis shows that in spite of several at-
tractive properties of such solutions the non-linear plane
waves are unstable against vacuum gluon fluctuations.
In Section IV we consider quantum stability of a recently
proposed stationary monopole solution [30] which repre-
sents a system of a static Wu-Yang monopole interacting
to off-diagonal components of the gluon field. We have
proved that such a generalized monopole solution pro-
vides a stable vacuum field background in the effective
action of QCD in one-loop approximation. Conclusions
and discussion of our results are presented in the last
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2section. An additional qualitative analysis of quantum
stability of the stationary monopole field is given in Ap-
pendix.
II. VACUUM STABILITY PROBLEM
Let us consider the structure of the QCD effective ac-
tion in the presence of constant homogeneous classical
fields and expose the critical issues of vacuum instabil-
ity for that simple case. In order to study the vacuum
structure in quantum field theory it is suitable to ap-
ply a quantization scheme based on the functional inte-
gral formalism and calculate the quantum effective ac-
tion with a properly chosen classical background field.
The background field satisfying the classical equations of
motion corresponds to a vacuum averaged value of the
quantum field operator in the presence of a source or
in the adiabatic limit when the external source vanishes
at time t → +∞. A non-trivial vacuum structure can
be retrieved from the behavior of the effective potential
and from the structure of the effective action. In general
the effective potential admits several local minima, and
only the lowest and stable one determines a true phys-
ical vacuum. Moreover, the symmetry properties of the
vacuum state determine fundamental properties of the
theory such as the type of symmetry breaking, possible
phase transitions, etc. The knowledge of the analytic
structure of the effective action represents an important
step which verifies whether a non-trivial classical vacuum
in the theory corresponds to a physical vacuum at quan-
tum level. As usual, the presence of an imaginary part
of the effective action indicates vacuum instability.
We concentrate mainly on the structure of the effective
action in the case of a pure SU(2) QCD. For the case of
constant homogeneous classical background field the ef-
fective action can be calculated in a complete form in one
loop approximation. We start with a classical Lagrangian
of Yang-Mills theory
L0 = −1
4
F aµνF
µν
a , (1)
with
F aµν = ∂µA
a
ν − ∂νAaµ + gabcAbµAcν .
The space-time indices µ, ν and those for colors a, b, c run
through 0, 1, 2, 3 and 1, 2, 3, respectively. We work with
the convention gµν = diag(−1, 1, 1, 1) and 123 = 1.
An initial gauge potential Aaµ is split into a classical,
Baµ, and a quantum, Q
a
µ, parts
Aaµ = B
a
µ +Q
a
µ. (2)
One should stress that the classical gauge potential Baµ
must be a solution to classical Euler-Lagrange equations
of motion. Only in that case the external classical field
Baµ can be treated as a vacuum averaged value of the
quantum operator Aaµ in a consistent manner with the
effective action formalism. One should note that a static
homogeneous classical gauge potential Baµ can not pro-
vide a constant field strength unless the gauge symmetry
is broken. The field Baµ is defined as a vacuum averaged
value of the quantum operator Aaµ in the limit of vanish-
ing source Jaµ → 0 during the time evolution (t→ +∞)
Baµ = 〈0|Aaµ|0〉J→0, (3)
where |0〉 is a vacuum state. It is clear that due to
the gauge and Lorentz invariances the vacuum averaged
value of the gauge potential must be identically zero, i.e.
Baµ ≡ 0. A partial solution to this problem was suggested
by proposing the “spaghetti” vacuum model where the
vacuum is represented by a statistical ensemble of vortex
domains which leads to a zero mean value of the gauge
field. However, in such cases one encounters two princi-
pal obstacles: (i) the statistical field ensemble does not
represent an exact solution to the classical equations of
motion, and (ii) at the microscopic scale each domain
or a single vortex causes instability due to non-vanishing
contribution to the imaginary part of the effective action.
So that a statistical ensemble does not provide a micro-
scopic theory of the vacuum structure on a firm basis of
the standard quantum field theory.
With these preliminaries let us write down the main
equations which allow to retrieve the analytic structure
of the effective action for arbitrary background gauge
field configuration. It is convenient to choose a covari-
ant Lorenz gauge fixing condition for the quantum gauge
potential
(DµQ
µ)a = 0, (4)
where Dabµ = δ
ab∂µ + g
acbBµc is a covariant derivative
including the background gauge field potential Baµ. Ap-
plying a standard functional technique, one can express
the one-loop correction to the classical action in terms of
functional determinants
S1 loopeff = −
i
2
ln Det[Kabµν ] + i ln Det[M
ab
FP], (5)
Kabµν = −gµν(DρDρ)ab − 2acbF cµν ,
MabFP = −(DρDρ)ab,
where F aµν is a background field strength and the op-
erators Kabµν , M
ab
FP correspond to one-loop contributions
of gluons and Faddeev-Popov ghosts. One should stress
that expression (5) represents an exact one-loop result
for arbitrary configuration of the background gauge field
Baµ. One can obtain similar expressions for the one-loop
functional determinants in the case of using an initial
temporal gauge for the quantum gauge potential and an
additional Coulomb type gauge condition which fixes the
residual symmetry.
1. A constant Abelian magnetic field
Let us consider first a simple case of the Savvidy vac-
uum [14] based on a classical solution for the constant
3homogeneous magnetic field of Abelian type defined by
the gauge potential Baµ = gµ2δ
a3xH. The gauge field
strength F aµν has only one non-vanishing magnetic com-
ponent F 312 = H. In that case the expression for the
one-loop correction to the effective action (5) can be sim-
plified to a form
S1 loopeff = i
∑
Sz=±1
2 Tr ln[−DµDµ + 2gHSz], (6)
where Sz = ±1 is a spin projection onto the z-axis of
the gluon which is treated as a massless vector particle
in the Nielsen-Olesen approach [15]. It is clear that the
operator inside the logarithmic function is not positively
defined for Sz = −1. This causes an imaginary part of
the effective action and implies the Nielsen-Olesen un-
stable “tachyon” mode [15]. An important issue is that
the origin of the vacuum instability is due to a specific
interaction structure of the non-Abelian gauge theory;
namely, due to the anomalous magnetic moment interac-
tion of the vector gluon with the magnetic field H. Note
that the contribution of the Faddeev-Popov ghosts does
not induce any imaginary part since the interaction of
spin zero ghost fields with the magnetic field has no such
an anomalous magnetic moment interaction. The func-
tional determinants in (6) can be calculated using the
Schwinger proper time method. With this the effective
Lagrangian can be expressed in a compact integral form
[31–38]
L 1 loopeff =
1
16pi2
∫ ∞
0
ds
s(2−ε)
gH/µ2
sinh(gHs/µ2)
(
e
− 2gHs
µ2 + e
2gHs
µ2
)
,
(7)
where ε is the ultra-violet cut-off parameter and µ2 is a
mass scale parameter corresponding to the subtraction
point. The second exponential term in the last equation
leads to a severe infra-red divergence which is reflection of
the same anomalous magnetic moment interaction term
in (6). One can perform an infra-red regularization by
changing the proper time variable to a pure imaginary
one, s→ it, [38]
L 1 loopeff = −
1
8pi2
∫ ∞
0
dt
t(2−ε)
gH/µ2
sin(gHt/µ2)
cos(2gHt/µ2).
(8)
This removes the infra-red divergence, but now one en-
counters an ambiguity in choosing contours of the in-
tegral due to appearance of infinite number of poles at
t = pikµ2/gH, (k = 0, 1, 2, ...). We define the integration
path t = 0 − iδ with an infinitesimal number factor δ.
One can verify that a total residue contribution from the
poles reproduces exactly the Nielsen-Olesen imaginary
part of the effective Lagrangian [15]
ImL =
1
8pi
g2H2. (9)
Note that a color electric field causes the vacuum in-
stability due to the Schwinger’s mechanism of charged
particle-antiparticle pair creation in the external elec-
tric field. Moreover, in a pure gluodynamics it has been
shown that a homogeneous chromoelectric field E leads
to a negative imaginary part of the effective one-loop La-
grangian [39]
ImL = − 11
96pi
g2E2. (10)
One concludes that a constant homogeneous color
magnetic and electric field of Abelian type is unstable.
A physical meaning of such instability is the gluon pair
creation in the chromomagnetic field and the gluon pair
annihilation in the case of the chromoelectric background
field [39].
2. Non-Abelian constant field configuration
It has been established that SU(N) Yang-Mills theory
admits two types of constant homogeneous field config-
urations [40]. The first type is represented by Abelian
type gauge potentials which correspond to the Cartan
subalgebra of the Lie algebra su(N). The constant ho-
mogeneous fields of the second type originate from the
non-Abelian structure of the gauge field strength due to
non-commutativity of the Lie algebra valued gauge po-
tentials [40]
~Fµν = ~Aµ × ~Aν . (11)
Contrary to the case of Abelian constant color magnetic
fields, the non-Abelian magnetic field admits a spheri-
cally symmetric configuration. It was observed that sym-
metrization of the Hamiltonian of QCD might help to
cure the Nielsen-Olesen instability [41]. After the discov-
ery of Savvidy-Nielsen-Olesen vacuum instability, some
attempts have been undertaken to construct a stable vac-
uum made of constant non-abelian gauge fields. The re-
sults of studies of such a vacuum lead to the vacuum
instability due to the same origin, i.e. the presence of
the anomalous magnetic moment interaction [42, 43].
Let us overview shortly the known results with a pur-
pose to find out a way towards resolving the problem
of vacuum stability. We consider the following isotropic
homogeneous field configuration of non-Abelian type de-
fined by the classical gauge potential
Ba0 = 0, B
a
m = φ(t)δ
a
m. (12)
Throughout this paper, we use Latin indicesm,n as those
for the space components of the four vectors. The func-
tion φ(t) may have time dependence to include the case
with non-vanishing constant color electric field as well.
We will find eigenvalues of the operators Kabµν , M
ab
FP
in the weak field approximation assuming that φ(t) is a
4slowly varying function. In the momentum space repre-
sentation one has
Kabmn = δmn
(
δab(k2 + 2φ2)− 2iφacbkc
)
−2φ2(δbmδan − δamδbn),
Kab0n = 2
ab
nb,
MabFP = δ
ab(k2 + 2φ2)− 2iφacbkc = −Kab00 ,
(13)
where the time derivative term b ≡ ∂0φ corresponds to
components of a color electric field in the temporal gauge
Ba0 = 0. In the weak field approximation the fields φ and
b are treated as constant fields. To find the eigenvalues
of the operators Kabµν , M
ab
FP, let us first calculate the cor-
responding matrix determinants with respect to Lorentz
and color indices. After some calculations one obtains
detKabµν = L1L2L3L4,
detMabFP = (2φ
2 + k2)((2φ2 + k2)2 − 4φ2~k2),
(14)
with
L1 = k
4 − 4φ2~k2,
L2 = (2φ
2 + k2)
(
k2(4φ2 + k2)(6φ2 + k2)
−4φ2(2φ2 + k2)~k2
)
+ 8k2(6φ2 + k2)b2,
L3 = 2φ
2(k2 − 2φ|~k|)(3k2 − 2φ|~k|) + 8φ4(k2 − φ|~k|)
+k2(k2 − 2φ|~k|)2 + 8(k2 − φ|~k|)b2,
L4 = 2φ
2(k2 + 2φ|~k|)(3k2 + 2φ|~k|) + 8φ4(k2 + φ|~k|)
+k2(k2 + 2φ|~k|)2 + 8(k2 + φ|~k|)b2.
In the particular case with a constant pure magnetic
field background, b = 0, our result reduces exactly to
the known expressions obtained earlier in [42], where it
has been shown that all eigenvalues corresponding to the
operators Li are real. Explicit expressions for all twelve
eigenvalues of the operators Li in the case of pure mag-
netic background field b = 0 were obtained in [42].
The operator L1 is decomposed into the product of two
eigenvalues
λ1,2 = k
2 ± 2φ|~k|. (15)
It is easy to verify that the expression for the L2 is non-
negative for any values of φ, b,~k and k. The operator L3
has one real and two complex eigenvalues, and L4 has
eigenvalues which are complex conjugate to the eigenval-
ues of the operator L3. In general the complex and neg-
ative eigenvalues of the operators L1, L3 and L4 cause
vacuum instability.
One may observe that Eq. (15) implies negative eigen-
values for small momentum ~k of the virtual gluon inside
the loop. Remind that the Nielsen-Olesen unstable mode
originates from the anomalous magnetic moment inter-
action term gHSz in (6) which does not depend on the
internal momentum ~k. So, in the case of symmetric field
configuration one has no instability in the limit of zero
momentum ~k. So, the symmetric non-Abelian magnetic
field configuration makes the instability problem more
soft, even though the source of appearance of the neg-
ative eigenvalues remains the same as for the Nielsen-
Olesen unstable mode.
The presence of instability of the vacuum made from
the non-Abelian gauge field is somewhat puzzling since
one expects that the dynamics of non-Abelian gauge field
should provide a consistent quantum vacuum in a pure
QCD. In this connection one should observe one essen-
tial weak point in the above consideration: the constant
non-Abelian gauge field does not represent a classical so-
lution. Due to this the standard method based on the
formalism of functional integration can not be applied
self-consistently to derivation of the one-loop effective
action. This raises a question of whether non-Abelian
type magnetic field can be realized as a strict solution,
and, if so, whether such a solution can provide a sta-
ble vacuum. Note that to find a stable physical vacuum
one should go beyond one-loop approximation since at
one loop level a quartic self-interaction term in the ini-
tial Yang-Mills Lagrangian is omitted and does not affect
a final result. However, the confinement phenomenon is
certainly provided by self-interaction of gluons. So, the
quartic interaction term should be important as an essen-
tial part of non-perturbative dynamics. The evaluation
of an exact two-loop effective action in QCD represents
a hard unresolved problem. To go beyond one-loop ap-
proximation one can implement non-perturbative effects
in the structure of the classical solution used as a back-
ground field in the effective action. We conclude that one
should look for a proper non-perturbative and essentially
non-Abelian solution of the classical equations of motion
which can lead to a consistent description of the stable
vacuum.
III. QUANTUM INSTABILITY OF
NON-LINEAR PLANE WAVES
Stationary non-linear wave type solutions can be
treated as quantum mechanical wave functions which de-
scribe possible states in quantum theory. In particular,
we are interested in such a classical solution which are
stable against quantum gluon fluctuations. A known
class of non-linear plane wave solutions with a mass scale
and zero spin [25–30] is of primary interest in our search
of possible stable vacuum fields since one expects that
a system of massive spinless particles can form a sta-
ble condensate in the classical theory. The presence of
spinless states can help in removing the Nielsen-Olesen
instability. We consider a special plane wave solution in
SU(2) Yang-Mills theory which possesses a spherically
symmetric configuration in the rest frame [25–30]. A
simple ansatz for non-vanishing components of the gauge
potential reads
Bam = δ
a
mφ(u), (16)
5where u ≡ k0t. Substituting the ansatz into the Yang-
Mills equations, we obtain an ordinary differential equa-
tion
k20
d2φ
du2
+ 2g2φ3 = 0. (17)
One has the following non-vanishing components for the
color electric and magnetic fields
F 110 = F
2
20 = F
3
30 = −∂tφ,
F amn = gmn
aφ2.
(18)
The solution to the equation (17) is given by the Jacobi
elliptic function
φ(u) =
M
g
sn[Mt,−1], (19)
which is a double periodic analytic function with a peri-
odicity T0 = 4K[−1] ' 5.244..., (M = 1), and K[−1] is a
complete elliptic integral of the first kind. The solution
contains a mass scale parameter M due to the conformal
invariance of the equations of motion.
The one-loop effective potential in a constant color
electric and magnetic field possesses a local minimum
for a non-zero value of the magnetic field and for the
vanishing electric field. The presence of the electric field
in the solution (18) can lead to instability of the vac-
uum due to the Schwinger pair creation effect. However,
since the electric field of the solution is represented by a
periodic function, the time dependence may change the
stability properties of the vacuum field. Another advan-
tage of treating the stationary plane wave solutions as
a quantum mechanical wave function describing the vac-
uum state is that the time averaging leads naturally to
vanishing of the vacuum expectation value of the gauge
potential, 〈0|Aaµ|0〉 = 0, whereas the averaged magnetic
field remains non-zero.
Now we can study the structure of the functional de-
terminants in (13). It turns out that the matrix oper-
ator Kabmn gains complex eigenvalues. The presence of
complex eigenvalues makes the analysis of the structure
of the effective action complicate since in that case one
needs to know the analytic structure of the full effec-
tive action in the presence of color magnetic and electric
fields [44]. Due to this we consider the structure of the
one-loop effective action in the temporal gauge, Qa0 = 0
(the background gauge field satisfies the temporal con-
dition due to the structure of the ansatz (16)), which
simplifies significantly the analysis of possible unstable
modes. In the temporal gauge one has a known residual
gauge symmetry under the gauge transformations only
with space dependent gauge parameters. To fix this sym-
metry one can impose an additional Coulomb constraint,
∂mQam = 0. Therefore, the calculation of the Faddeev-
Popov ghost determinant becomes more difficult since
one should introduce secondary ghosts. However, since
all ghost fields correspond to interaction of spinless par-
ticles with the magnetic field, they do not cause vacuum
instability, and we do not need to calculate ghost con-
tributions in studying the imaginary part of the effective
action. With this one can perform functional integra-
tion over the quantum field Qaµ and obtain the following
expression for the matrix operator Kabmn
Kabmn = δmnδ
ab
(
∂2t − ∂2l + 2g2φ2(t)
)
+ 2abcF
c
mn
−gφ(t)(abm∂n + abn∂m + 2acbδmn∂c). (20)
Since the field φ(t) does not depend on space coordi-
nates, one can easily perform Fourier transformation with
respect to the space coordinates. After performing the
Wick rotation t → iτ , one arrives at the following ex-
pression for the operator Kabmn in the momentum space
representation
Kabmn = δmnδ
ab(−∂2τ ) + δabδmn(~k2 + 2φ2)
+abc(2φ
2cmn + 2φδmni
~kc − φδcmi~kn + φδcni~km)
≡ δmnδab(−∂2τ ) + Kˆabmn. (21)
One can find the eigenvalues Lˆi of the matrix opera-
tor Kˆabmn since the field φ does not depend on the space
components of the momentum
Lˆ1 = ~k
2
Lˆ2,3 = ~k
2 + 4φ2 ± φ|~k|
Lˆ4,5 = ~k
2 + 5φ2 ±
√
φ4 + 6φ2~k2, (22)
Lˆ6,7 = ~k
2 ± φ|~k|,
Lˆ8,9 = ~k
2 ± 2φ|~k|.
With this one has finally nine ordinary second order dif-
ferential equations for eigenfunctions of the initial kinetic
operator Kabmn
(− d
2
dτ2
+ Lˆq)ψq = λqψq, (q = 1, 2, · · · , 9). (23)
The differential equations containing the operators Lˆq,
(q = 6, 7, 8, 9) might have negative eigenvalues since the
respective differential operators are not positively defined
at small momenta ~k. Let us rewrite the equation (23) in
the case q = 6, 7, 8, 9 in the following form
−d
2ψ
dτ2
+ (k2 + αkφ(τ))ψ = λψ, (24)
where k ≡ |~k| and α = ±1,±2. Note that the classi-
cal solution φ(τ) is identical to the original solution φ(t)
in (19), since by definition the classical field Bam corre-
sponds to a vacuum averaged value of the quantum op-
erator Aaµ in the real Minkowski space-time. We remind
that Wick rotation t→ iτ provides a causal structure of
the Green function, and it does not mean that one should
treat the classical field Bam as a solution of the equations
of motion in the Euclidean space-time.
The equation (24) includes the momentum k as a free
positive parameter, and the quantum vacuum stability
6of the classical solution will occur if all eigenvalues of
the Eq.(24) are non-negative for all values of “k” and for
α = ±1,±2. It is convenient to rewrite the equation (24)
as follows
−d
2ψ
dτ2
+ V0(1− φ(τ))ψ = Eψ, (25)
with V0 ≡ αk, E ≡ λ−k2 +αk. The equation represents
a Schro¨dinger type equation for a quantum mechanical
problem in one dimensional space parametrized by τ ≥ 0,
and ψ(τ) is a wave function describing quantum fluctua-
tions of the virtual gluon. One can make another analogy
that the equation (25) describes behavior of the electron
in the one-dimensional crystal with a periodic potential.
It is known that such an electron in the crystal is not lo-
calized and can move freely in the whole crystal volume.
The electron wave function is expressed by the periodic
Bloch function and the energy spectrum forms a band
structure (see, for ex., [45]). To check whether the equa-
tion (25) has negative eigenvalues it is enough to estimate
a lowest energy bound in the first energy band. For quali-
tative estimation we consider first a Schro¨dinger equation
with a periodic rectangular potential
V (τ) =

+1, nT ≤ τ ≤ (2n+ 1)T
2
,
−1, (2n− 1)T
2
≤ τ ≤ nT,
(26)
where n = 0,±1,±2, · · · . Analityc expressions for a solu-
tion of the Schro¨dinger equation with the potential V (τ)
and the dispersion relation can be obtained by solving the
equation on a finite interval (0 ≤ τ ≤ T ) [45]. Taking
the shift in the potential height into account and setting
T = 1 one can find an eigenvalue corresponding to the
lowest energy level in the first band which turns out to
be negative, Elowest ' −0.04.
The numeric analysis of Eq.(25) shows that for α = 1
there is no negative eigenvalues for any momentum k,
and the eigenvalue λ approaches zero from the positive
values when k → 0. For the case α = ±2 the numeric so-
lutions of the equation (25) implies negative eigenvalues
for the momentum k in the range (0 ≤ k ≤ 0.733) with
the lowest eigenvalue λlowest = −0.0361 at k0 = 0.482.
Note that the scale parameter M in the non-linear plane
wave solution φ(x) = Msn[Mx,−1] leads to rescaling of
the eigenvalue λ and does not affect the stability prop-
erties as it should be due to conformal invariance of the
original classical Yang-Mills theory. We conclude that
despite several attractive properties the non-linear plane
wave solutions can not provide a stable vacuum field con-
figuration.
IV. A STABLE SPHERICALLY SYMETRIC
MONOPOLE FIELD BACKGROUND
Let us first describe the main properties of the station-
ary spherically symmetric monopole solution [30]. Due
to conformal invariance of the Yang-Mills theory the
static soliton solutions do not exist in agreement with
the known Derrick’s theorem. It is somewhat unexpected
that a pure QCD admits a regular stationary monopole
like solution [30]. The solution is described by a simple
ansatz which generalizes the static Wu-Yang monopole
solution (in spherical coordinates (r, θ, ϕ))
A1ϕ = −ψ(r, t) sin θ, A2θ = ψ(r, t), A3ϕ =
1
g
cos θ,
(27)
where ψ(r, t) is an arbitrary function and all other com-
ponents of the gauge potential vanish. In the case of
ψ(r, t) = 0 the ansatz describes a Wu-Yang monopole
solution which is singular at the origin r = 0. The case
ψ(r, t) = 1 corresponds to a pure gauge field configu-
ration. For a non-trivial function ψ(r, t) the ansatz (27)
describes a system of a static Wu-Yang monopole dressed
in off-diagonal gluon field. Substituting the ansatz into
the equations of motion, we obtain a single partial differ-
ential equation
∂2t ψ − ∂2rψ +
1
r2
ψ(g2ψ2 − 1) = 0. (28)
The equation (28) was obtained in past by using a
spherically-symmetric “hedgehog” ansatz describing gen-
eralized SU(2) Wu-Yang monopole field configurations
(a = 1, 2, 3)
Aam = −abcnˆb∂mnˆc
(1
g
− ψ(t, r)
)
, (29)
where nˆ = ~r/r [46–50]. Note, the “hedgehog” ansatz (29)
is related to the ansatz (27) by an appropriate singular
gauge transformation [51]. We prefer to use the ansatz
(27) in the so-called Abelian gauge [51] since such a repre-
sentation allows to inteprete the our monopole solution
as a static Wu-Yang monopole interacting to dynamic
off-diagonal gluons presented by the filed ψ(r, t). Note,
that the ansatz in the Abelian gauge admits generaliza-
tion to the case of SU(N) stationary Wu-Yang monopole
solutions and it is suitable for description of a stationary
system of monopoles and antimonopoles located at dif-
ferent points.
It had been shown that the equation (28) admits a
wide class of time dependent solutions including non-
stationary solitonic propagating solutions in the effective
two-dimensional space-time (r, t) [46–50]. Surprisingly, a
stationary regular Wu-Yang type monopole solution with
a finite energy density everywhere was missed in previ-
ous studies. We will show that such a solution provides
a stable vacuum configuration in a pure SU(2) QCD.
Let us consider a classical Hamiltonian written in
terms of the field ψ(r, t)
H =
∫
dr dθ dϕ sin θ
(
(∂tψ)
2 + (∂rψ)
2 +
1
2g2r2
(g2ψ2 − 1)2
)
≡ 4pi
∫
dr E (r, t), (30)
7where E is an effective energy density in one-dimensional
space. One has the following non-vanishing field strength
components
F 2rθ = ∂rψ, F
1
rϕ = −∂rψ sin θ,
F 3θϕ = g
2(ψ2 − 1
g2
) sin θ, (31)
F 2tθ = ∂tψ, F
1
tϕ = −∂tψ sin θ,
where the radial component of the field strength F 3θϕ
describes spherically symmetric monopole configuration
with a non-vanishing color magnetic flux through a
sphere with a center at the origin r = 0 [30]. A color
magnetic charge of the monopole depends on time and
radius of the sphere.
One can find an asymptotic behavior of the stationary
solution which approaches a standing spherical wave in
the leading order of the Fourier series expansion
ψ(r, t) ' a0 +A0 cos(Mr) sin(Mt) + O
(
1
r
)
, (32)
where a0 and A0 are parameters characterizing the mean
value and amplitude of the standing spherical wave in
asymptotic region. The mass scale parameter M corre-
sponds to the conformal symmetry of the original Yang-
Mills equations.
A local solution near the origin r = 0 is given by the
Taylor series expansion
ψ =
1
g
+
∑
k=1
c2k(t)r
2k, (33)
where all coefficient functions c2k>2(t) are expressed in
terms of one arbitrary function c2(t) defining the initial
conditions. The presence of the first term 1/g indicates
a non-perturbative origin of the solution. One can verify
that such a term regularizes the singularity of the Wu-
Yang monopole and provides a finite energy density. To
find a stationary solution one can impose initial condi-
tions by choosing the function c2(t) in a simplest form,
c2(t) = c˜0 + c˜20 sin(Mt). We will choose the initial pro-
file function c2(t) in terms of the Jacobi elliptic function,
(19),
c2(t) = c0 + c20sn[Mt,−1], (34)
where a set of the parameters c0, c20 and M provides
a uniqueness of the general solution within a consistent
Cauchy problem for the differential equation (28). The
choice of the initial profile function c2(t), (34), provides
an additional control of the consistence of numeric cal-
culation to verify that the numeric solution matches the
asymptotic solution (32) given precisely by the ordinary
sine function sin(Mt) (in the leading order of the Fourier
series decomposition). A subclass of stationary solutions
is classified by one independent parameter, c0 or c20.
A simple dimensional analysis implies that the energy
corresponding to the the Hamiltonian (30) is propor-
tional to the scale parameter M . Due to this the energy
vanishes in the limit M → 0. This might cause some
doubts on existence of a solution. However, one should
stress that standard arguments on existence of solitonic
solutions based on the Derrick’s theorem [22] can not be
applied to the case of stationary solutions which satisfy
a variational principle of extremal value of the classical
action, not the energy functional. In addition, in the
case of a pure Yang-Mills theory the action is invariant
under conformal transformations, and its first variational
derivative with respect to the scale parameter M equals
zero identically. So the parameter M represents a moduli
space parameter of solutions related by conformal trans-
formations (dilatations) r → Mr, t → Mt. Without loss
of generality one can fix the value of M to an arbitrary
number which determines the unit of the space-time co-
ordinates.
In order to solve the equation (28) numerically we
choose special values for the parameters, g = 1, M =
T0/(2pi) and c0 = −0.251. The parameter c20 is fixed by
the requirement that a numeric solution should match
the asymptotic solution (32). The mean value a0 and
amplitude A0 of the oscillating asymptotic solution are
extracted from the numeric solution which is depicted in
Fig.1.
FIG. 1: Stationary spherically symmetric monopole solution
in the numeric domain (0 ≤ r ≤ 8pi, 0 ≤ t ≤ 2pi), c0 =
−0.251, a0 = 0.84175, A0 = 0.6405.
Note that at far distance rf after space-time averaging
over the ring (rf ≤ r ≤ rf + 2pi, 0 ≤ t ≤ 2pi) one gains
a partial screening effect for the monopole charge. The
obtained numeric solution implies an averaged monopole
charge at distance rf = 30
gm =
1
4pi
∫
dθ dϕHθϕ =
1
4pi
∫
dθ dϕ
(〈ψ2〉 − 1) sin θ
= 0.195 · · · , (35)
with
〈ψ2〉 = 1
4pi2
∫ rf+2pi
rf
dr
∫ 2pi
0
dt ψ2(r, t).
The space-time averaged magnetic flux of the radial color
magnetic field H3θϕ through a sphere does not vanish in
8general and depends on the radius of the sphere. There
is a special non-trivial solution with the parameters a0 =
0.1 · · · , A0 = 1.989 · · · which corresponds to a totally
screened averaged monopole charge.
With a given numeric monopole solution one can verify
the quantum stability of the monopole field in a similar
manner as we considered in the previous section. One
should solve the following Schro¨dinger type eigenvalue
equation for possible unstable modes (the space indices
(m,n = 1, 2, 3) correspond to the spherical coordinates
(r, θ, ϕ) respectively)
KabmnΨ
b
n(r, θ, ϕ, t) = λΨ
a
m(r, θ, ϕ, t), (36)
where Ψbn(r, θ, ϕ, t) are the wave functions describing the
quantum gluon fluctuations, and Kabmn is a differential
matrix operator corresponding to one-loop gluon contri-
bution to the effective action in the temporal gauge
Kabmn = −δabgmn∂2t − gmn(DnDn)ab + 2abcF cmn. (37)
The Schro¨dinger type equation (36) represents a sys-
tem of nine non-linear partial differential equations which
should be solved on three-dimensional numeric domain
with sufficiently high numeric accuracy. An additional
technical difficulty in numeric calculation is that one
must solve the equations with changing the size of the
numeric domain in radial direction in the limit r →∞ to
verify that all eigenvalues remain positive. Fortunately,
the numeric analysis of the solutions corresponding to the
lowest eigenvalue is simplified drastically due to factor-
ization property of the original equation (36) and special
feature of the class of ground state solutions as we will
see below.
The equation (36) in component form admits factoriza-
tion, it can be written as two decoupled systems of partial
differential equations as follows (for brevity of notation
we set g = 1 since the coupling constant can be absorbed
by the monopole function ψ)
(I) : (∆ˆΨ)22 −
2
r2
∂θΨ
2
1 +
1
r2
(
(ψ2 − 1)Ψ22 − 2ψ2Ψ13 + 2 csc2 θ(Ψ22 + Ψ13) + 2 cot θψΨ33
)
= λΨ22,
(∆ˆΨ)13 −
2
r2
ψ∂θΨ
3
3 +
1
r2
(
ψ2(−2Ψ22 + Ψ13)−Ψ13 + 2 csc2 θ(Ψ22 + Ψ13) + 2 cot θΨ21
)
= λΨ13,
(∆ˆΨ)21 +
2
r2
∂θΨ
2
2 +
1
r2
(
(cot2 θ + ψ2)Ψ21 + 2 cot θ(Ψ
2
2 + Ψ
1
3) + 2ψΨ
3
3 + 2Ψ
2
1
)
− 2
r
∂rψΨ
3
3 = λΨ
2
1,
(∆ˆΨ)33 +
2
r2
ψ∂θΨ
1
3 +
1
r2
(
2ψΨ21 + 2 cot θψ(Ψ
2
2 + Ψ
1
3) + 2ψ
2Ψ33 + csc
2 θΨ33
)
− 2
r
∂rψΨ
2
1 = λΨ
3
3, (38)
(II) : (∆ˆΨ)11 +
2
r2
∂θΨ
1
2 −
2
r2
ψ∂θΨ
3
1 +
1
r2
(
(2 + cot2 θ + ψ2)Ψ11 + 2ψΨ
3
2 − 2 cot θ(Ψ23 −Ψ12)
)
−2
r
∂rψΨ
3
2 = λΨ
1
1,
(∆ˆΨ)32 −
2
r2
∂θΨ
3
1 +
2
r2
ψ∂θΨ
1
2 +
1
r2
(
2ψΨ11 + 2 cot θψ(Ψ
1
2 −Ψ23) + (2ψ2 + csc2 θ)Ψ32
)
−2
r
∂rψΨ
1
1 = λΨ
3
2,
(∆ˆΨ)12 −
2
r2
∂θΨ
1
1 −
2
r2
ψ∂θΨ
3
2 +
1
r2
(
− 2ψΨ31 + ψ2(Ψ12 + 2Ψ23) + 2 csc2 θ(Ψ12 −Ψ23)−Ψ12
)
+
2
r
∂rψΨ
3
1 = λΨ
1
2,
(∆ˆΨ)31 +
2
r2
∂θΨ
3
2 +
2
r2
ψ∂θΨ
1
1 +
1
r2
(
2 cot θψΨ11 + 2(1 + ψ
2)Ψ31 − 2ψ(Ψ12 + Ψ23) + 2 cot θΨ32
)
+
2
r
∂rψ(Ψ
1
2 + Ψ
2
3) = λΨ
3
1,
(∆ˆΨ)23 +
1
r2
(
2 cot θ(ψΨ32 −Ψ11)− 2ψΨ31 + ψ2(2Ψ12 + Ψ23)− 2 csc2 θ(Ψ12 −Ψ23)−Ψ23
)
+
2
r
∂rψΨ
3
1 = λΨ
2
3, (39)
where
∆ˆΨam ≡ −(∂2t + ∂2r +
2
r
∂r +
1
r2
∂2θ +
cot θ
r2
∂θ)Ψ
a
m.
To solve numerically the systems of equations (I), (II), we choose a rectangular three-dimensional domain
9(0 ≤ t ≤ 2pi, r0 ≤ r ≤ L, 0 ≤ θ ≤ pi) and use a simple
interpolating function for the monopole solution ψ(r, t)
ψint = 1− (1− a0)r
2
1 + r2
+A0(1− e−d0r2) cos(Mr + b0) sin(Mt), (40)
where d0 and b0 are fitting parameters. An obtained
numeric solution to the system of equations (I), (38), im-
plies that the lowest eigenvalue is positive, λI = 0.0531,
and the corresponding eigenfunctions have the following
properties: the functions Ψ21 and Ψ
3
3 vanish identically,
and remaining two functions are related by the constraint
Ψ13 = −Ψ22. So that there is only one independent non-
vanishing eigenfunction which can be chosen as Ψ22. An
important feature of the solution corresponding to the
lowest eigenvalue is that the eigenfunction Ψ22 does not
depend on the polar angle, Fig.2. This allows to simplify
FIG. 2: Eigenfunction Ψ22 for the ground state with the lowest
eigenvalue λI = 0.0531, a0 = 0.895, A0 = 0.615, g = 1,
M = 1, 0 ≤ r ≤ 6pi, 0 ≤ t ≤ 2pi, 0 ≤ θ ≤ pi.
the system of equations (I) in the case of solutions corre-
sponding to the lowest eigenvalues. One can easily verify
that system of equations (I), (38), reduces to one partial
differential equation on two-dimensional space-time
(
− ∂2t − ∂2r −
2
r
∂r +
1
r2
(3ψ2 − 1)
)
Ψ22 = λΨ
2
2. (41)
The last equation represents a simple Schro¨dinger type
equation for a quantum mechanical problem. The equa-
tion does not admit negative eigenvalues if the param-
eter a0 of the monopole solution satisfies the condition
a0 ≥ 1/
√
3 ' 0.577 · · · which provides a totally repulsive
quantum mechanical potential in this equation.
A structure of the system of equations (II) admits sim-
ilar factorization properties on the space of ground state
solutions. We have solved numerically the equations
(II), (39), with the same background monopole function
ψ(r, t) for various values of the parameters a0, A0,M . In
a special case, a0 = 0.895, A0 = 0.615, 0 ≤ r ≤ 6pi
the obtained numeric solution for the ground state has
a lowest eigenvalue λII = 0.0142 which is less than λI.
All components of the solution do not have dependence
on the polar angle and satisfy the following relationships:
Ψ12 = Ψ
2
3 and Ψ
1
1 = Ψ
3
2 = 0. There are two independent
non-vanishing functions which can be chosen as Ψ31 and
Ψ23. One can check that on the space of solutions cor-
responding to the lowest eigenvalue the system of equa-
tions (II), (39), reduces to two coupled partial differential
equations for two functions Ψ31(r, t) and Ψ
2
3(r, t)
(−∂2t − ∂2r −
2
r
∂r)Ψ
3
1 +
2
r2
(
(1 + ψ2)Ψ31 − 2ψΨ23
)
+
4
r
∂rψΨ
2
3 = λΨ
3
1,
(−∂2t − ∂2r −
2
r
∂r)Ψ
2
3 +
1
r2
(
(3ψ2 − 1)Ψ23 − 2ψΨ31
)
+
2
r
∂rψΨ
3
1 = λΨ
2
3. (42)
Exact numeric solution profiles for the functions Ψ31,Ψ
2
3
are shown in Fig.3.
We have obtained that the lowest eigenvalue is positive
when the asymptotic monopole amplitude A0 is less than
a critical value a1cr ' 0.625.
We conclude, a ground state solution with the low-
est eigenvalue satisfying the original eigenvalue equation
(36) can be found by solving a simple system of partial
differential equations (42). Note that the numeric solv-
ing of the original eigenvalue equations (36) on a three-
dimensional space-time does not provide high enough ac-
curacy, especially in the case of large radial size of the
numeric domain. This causes difficulty in studying the
positiveness of the eigenvalue spectrum in the limit of
infinite space when the eigenvalues become very close to
zero. Solving the reduced two-dimensional partial differ-
ential equations (42) can be performed easily using stan-
dard numeric packages with a high enough numeric ac-
curacy and convergence. The obtained numeric accuracy
for the eigenvalues λ(L) in solving the two-dimensional
equations (42) is 1.0×10−5 which allows to construct the
eigenvalue dependence on the radial size L of the space-
time domain in the range 6pi ≤ L ≤ 64pi. We have proved
that the lowest eigenvalue λ(L) approaches zero with in-
creasing L from positive values, as it is shown in Fig.4.
This implies that the ground state solution describes the
main mode of the standing spherical wave with a wave
vector proportional to the inverse of radial size of the
box, |~p| ' 1/L. This completes the proof of quantum sta-
bility of the spherically symmetric stationary monopole
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(a) Ψ31 (b) Ψ
2
3
FIG. 3: Solutions to Eqs. (42): the functions Ψ31(r, t), Ψ
2
3(r, t) corresponding to the eigenvalue λ = 0.014218, , a0 = 0.895, A0 =
0.615, M = 1, 0 ≤ r ≤ 6pi, 0 ≤ t ≤ 2pi: (a)Ψ31(r, t) , (b) Ψ12(r, t) = Ψ23(r, t).
FIG. 4: Lowest eigenvalue dependence, λ(L), on the radial
size L of the numeric domain.
solution.
The stationary single monopole solution represents a
simple example of a spherically symmetric vacuum field
which has a non-trivial intrinsic microscopic structure
determined by two parameters, the amplitude A0 and
frequency M of space-time oscillations of the monopole
field. Quantum mechanical consideration implies that
the frequency of vacuum monopole field oscillations has
a finite minimal value. One can estimate a lower bound
of M using the condition that the characteristic length
λ = 2pi/M of the monopole field should be less than the
hadron size. At macroscopic scale, when the observation
time is much larger than the period of oscillations of the
stationary monopole solution, the vacuum averaged value
of the gauge potential, 〈0|Aaµ|0〉, vanishes as it should be
in the confinement phase. Contrary to this, the so-called
vacuum gluon (monopole) condensate H2 ≡ 〈0|~F 2µν |0〉
does not vanish after averaging over time, and it has in-
homogenious distribution inside the hadron. Calculation
of an exact effective action in the case of inhomogeneous
background vacuum fields represents unresolved problem.
In the weak field approximation one can apply the known
expression for the Savvidy renormalized one-loop effec-
tive potential [14, 31–38]
Veff(H) =
1
4
H2 +
11g2(µ)
96pi2
H2
(
ln
g(µ)H
µ2
− 3
2
)
, (43)
where g(µ) is a renormalized coupling constant defined at
the subtraction point µ2 ' ΛQCD (αs = g2(µ)/(4pi) ' 1).
For qualitative estimates we replace the vacuum spheri-
cally symmetric monopole field H2 with its mean value
H2 obtained by averaging over the space and time. The
potential Veff(H¯) has a non-trivial minimum correspond-
ing to a negative vacuum energy density at non-zero value
of the averaged monopole field, H¯0 ' 0.138µ2 [38]. The
value H¯0 is consistent with the frequency and amplitude
values (M ' 1, A0 ≤ a1cr) corresponding to stable sta-
tionary monopole field configurations.
One should stress that the generation of a non-trivial
vacuum originates from the magnetic moment interac-
tion between the vacuum magnetic field and quantum
gluon fluctuations. Such an interaction induces the vac-
uum energy decrease for sufficiently small values of the
vacuum monopole condensate parameter H¯. In the case
of the spherically symmetric monopole solution our nu-
meric analysis confirms that for large values of parame-
ters M,A0, i.e., for large values of H¯0, the monopole field
obtains quantum instability which prevents the genera-
tion of a stable monopole condensate.
V. DISCUSSION
We have demonstrated that there is a subclass of sta-
tionary spherically symmetric monopole solutions which
possesses quantum stability for restricted values of the
amplitude A0 of the asymptotic monopole solution, (32).
Recently it has been found that there is another stable
stationary monopole-antimonopole solution in SU(2) and
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SU(3) QCD [52]. This gives a hope that a true vacuum
can be formed through condensation of such monopoles
and/or monopole-antimonopole pairs.
Existence of stable monopole field configurations and
possible formation of a gauge invariant vacuum monopole
condensate may shed light on the origin of color confine-
ment in QCD and give a partial answer to a simple but
puzzling question: why do we have the spontaneous sym-
metry breaking in the electroweak theory, while in QCD
the color symmetry is preserved despite the similar gauge
group structure in both theories? The vanishing vacuum
averaged value of the gluon field operator corresponding
to the stationary monopole solution, 〈Aam〉, testifies that
there is no spontaneous symmetry breaking in QCD in
the confinement phase. One can apply the ansatz (27) to
electroweak gauge potentials corresponding to the group
SU(2)×UY (1) of the Weinberg-Salam model to find sim-
ilar stationary electroweak monopole solutions. One con-
siders the Higgs complex doublet Φ in the unitary gauge,
and choose a simple Dirac monopole ansatz for the hy-
permagnetic field Bµ
Φ =
(
0
ρ(r, t)
)
, Bµ = cos θ. (44)
Direct substitution of the ansatz (27) and the last equa-
tions (44) into the equations of motion of the Weinberg-
Salam model results in two equations for two functions
ψ(r, t), ρ(r, t)
∂2t ψ − ∂2rψ +
1
2
ψρ2 +
1
r2
(ψ2 − 1) = 0,
∂2t ρ− ∂2rρ−
2
r2
∂rρ+
1
2r2
ρψ2 + κρ(ρ2 − 1) = 0,
(45)
where κ is the coupling constant of the Higgs potential.
In a special case of static field configurations the equa-
tions (45) reduce to the ordinary differential equations
describing a known Cho-Maison monopole [53]. A simple
numeric analysis of the equations (45) shows that a non-
static generalization of the Cho-Maison monopole exists,
however it has the same singularity at the origin r = 0.
We conclude that there is a principal difference between
the Weinberg-Salam model and QCD: the absence of a
regular monopole solution in the Weinberg-Salam model
implies that there is no generation of a stable monopole
condensation like in QCD. This leads to non-vanishing
vacuum averaged values for the gauge bosons and, con-
sequently, to the spontaneous symmetry breaking. Con-
trary to this, in QCD, in the confinement phase, the mean
value of the monopole field 〈0|Aam|0〉 averaged over the
periodic space-time domain vanishes, so that the color
symmetry is exact.
In conclusion, we have demonstrated that a classical
stationary spherically symmetric monopole solution pro-
vides a stable vacuum field configuration in a pure SU(2)
QCD. Generalization of our results to the case of SU(3)
QCD is presented in a separate paper [54]. The possi-
bility that a stationary classical solution can be related
to vacuum structure is not much surprising since it was
noticed in the past that color magnetic flux tubes in the
“spaghetti” vacuum should be vibrating from the quan-
tum mechanical consideration [55]. An unexpected result
is that a stationary color monopole solution exists in a
pure QCD without any matter fields, and it possesses re-
markable features such as the finite energy density, total
zero spin and existence of intrinsic mass scale parameter.
This gives a strong indication to generation of a stable
vacuum condensate in QCD.
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Appendix: Variational analysis of quantum stability
of the stationary monopole field
To reveal the origin of stability of our numeric solution
we undertake analytic study of the eigenvalue spectrum
of the Schro¨dinger type equation (36). Since we are inter-
ested only in the lowest eigenvalue solution, one can solve
approximately the equation (36) by applying variational
methods. Within the framework of the variational ap-
proach one has to minimize the following “energy” func-
tional
H =
∫
dr dθ dϕdt r2sin θΨamK
ab
mnΨ
b
n. (A.1)
The structure of the kinetic operator Kabmn and the finite-
ness condition of the functional H allow to fix the sin-
gularities along the boundaries θ = 0 and θ = pi in the
integral density in (A.1). We factorize the angle depen-
dence of the ground state wave functions using the lead-
ing order approximation in Fourier series expansion for
the functions fam as follows
Ψ31(r, θ, ϕ, t) = f
3
1 (r, t), (A.2)
and for other functions
Ψam(r, θ, ϕ, t) = f
a
m(r, t) sin θ. (A.3)
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With this one can perform the integration in (A.1) over
the angle variables (θ, ϕ) and obtain an effective “energy”
functional
H eff =
∫
dr dt r2famK
ab
mnf
b
n
=
∫
dr dt r2fam
[
gmnδ
abK˜0 + V
ab
mn(r, t)
]
f bn,
(A.4)
where K˜0 = −∂2t − ∂2r − (2/r)∂r, and V abmn is an effective
potential. The quadratic form
〈f |V |f〉 ≡
∑
m,n,a,b
famV
ab
mnf
b
n (A.5)
contains terms with radial dependencies proportional to
(1/r2) and (1/r) which correspond to the centrifugal and
Coulomb like potentials, respectively. In the case of a
pure Wu-Yang monopole it was shown that such a back-
ground field leads to the vacuum instability due to the
appearance of the attractive potential (−1/r2) in the re-
spective eigenvalue equation for unstable modes [21]. In
our case, in the presence of the stationary monopole solu-
tion, one can verify that due to the structure of the local
solution near r = 0 in equation (33) the quadratic form
containing the terms proportional to (1/r2) is positively
defined for any smooth fluctuating functions fam(r, t) sat-
isfying the finiteness condition of the “energy” functional.
This provides a non-vanishing positive centrifugal poten-
tial in the corresponding Schro¨dinger equation which pre-
vents appearance of negative eigenmodes for a special
class of background monopole solutions.
By variation of the functional H eff with respect to
functions fam(r, t), one obtains the following effective
Schro¨dinger type equation
Kabmnf
b
n(r, t) = λf
a
m(r, t). (A.6)
The obtained system of nine differential equations is ex-
plicitly factorized into four decoupled systems of partial
differential equations
(I) : K˜0f
2
2 +
1
r2
(
(5 + 2ψ2)f22 + (6− 4ψ2)f13
)
= λf22 ,
K˜0f
1
3 +
1
r2
(
(6− 4ψ2)f22 + (5 + 2ψ2)f13
)
= λf13 ,
(A.7)
(II) : K˜0f
2
1 +
1
r2
(3 + ψ2)f21 + 2ψf
3
3 )−
2ψ′
r
f33 = λf
2
1 ,
K˜0f
3
3 +
2
r2
((1 + ψ2)f23 + ψf
2
1 )−
2ψ′
x
f21 = λf
3
3 ,
(A.8)
(III) : K˜0f
1
2 +
1
r2
((10 + 4ψ2)f12 − (12− 8ψ2)f23
−3piψf31 ) +
3piψ′
r
f31 = λf
1
2 ,
K˜0f
3
1 +
1
2r2
(4(1 + ψ2)f31 − piψ(f12 + f23 ))
+
piψ′
2r
(f12 + f
2
3 ) = λf
3
1 ,
K˜0f
2
3 +
1
4r2
(2(5f23 − 6f12 ) + 4ψ2(2f12 + f23 )
−3piψf31 ) +
3piψ′
4r
f31 = λf
2
3 , (A.9)
The remaining system (IV) of two equations for the func-
tions f11 , f
3
2 is the same as the system (II) for the func-
tions f21 , f
3
3 with the replacement f
2
1 → f11 , f33 → f32 . The
obtained equations represent Schro¨dinger type equations
for a charged particle with a positive centrifugal potential
and oscillating Coulomb potential. It is clear that solu-
tions ψ(r, t) with small enough parameters a0, A0 will
imply a positive eigenvalue spectrum since the poten-
tial with a small enough depth and asymptotic behavior,
O(1/rα) and (α ≤ 1), does not lead to bound states in
the case of space dimension d ≥ 3. Substituting the in-
FIG. 5: Solution f22 to Eq. (I), f
1
3 (r, t) = −f22 (r, t); λI =
0.0586, 0 ≤ r ≤ 6pi, 0 ≤ t ≤ 2pi.
(a) (b)
FIG. 6: Solution to Eq. (III) λ = 0.0293, 0 ≤ r ≤ 6pi, 0 ≤
t ≤ 2pi: (a) f31 (r, t), (b) f12 (r, t) = f23 (r, t).
terpolating function (40) into the Schro¨dinger equations,
one can solve them and obtain the eigenvalue spectrum.
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Numeric analysis shows that a complete positive eigen-
value spectrum exists for solutions ψ(r, t) with parameter
values of a0 in a finite range 0.89 ≤ a0 ≤ 1. We solve
the equations (I-III) for a case of a monopole background
field specified by the parameters a0 = 0.895, A0 = 0.615.
A typical profile function for the solutions to equations
(I) and (II) has weak dependence on time, Fig.5. The
corresponding ground state eigenvalues are close to each
other, λI ' 0.0586, λII ' 0.0552. The solution to equa-
tion (III) has a lower eigenvalue λIII ' 0.0293 and man-
ifests larger time fluctuations as it is shown in Fig.6.
Note that the principal lowest eigenvalue originates from
the decoupled system of equations (III) for the functions
f12 , f
3
1 and f
2
3 in qualitative agreement with the results of
exact numerical solving the original eigenvalue equation
presented in Section IV.
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